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Abstract
Let G be a locally compact group and let BðGÞ be the dual space of CðGÞ; the group C
algebra of G: The Fourier algebra AðGÞ is the closed ideal of BðGÞ generated by elements with
compact support. The Fourier algebras have a natural operator space structure as preduals of
von Neumann algebras. Given a completely bounded algebra homomorphism
f :AðGÞ-BðHÞ we show that it can be described, in terms of a piecewise afﬁne map
a :Y-G with Y in the coset ring of H; as follows
fðf Þ ¼ f 3a on Y ;
0 off Y

when G is discrete and amenable. This extends a similar result by Host. We also show that in
the same hypothesis the range of a completely bounded algebra homomorphism
f :AðGÞ-AðHÞ is as large as it can possibly be and it is equal to a well determined set.
The same description of the range is obtained for bounded algebra homomorphisms, this time
when G and H are locally compact groups with G abelian.
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1. Introduction
Let G be a locally compact group and let BðGÞ be the Fourier–Stieltjes algebra of
G as deﬁned by Eymard [3]. Recall that BðGÞ is the linear span of all continuous
positive deﬁnite functions on G and it can be identiﬁed with the dual space of CðGÞ;
the group algebra of G: The space BðGÞ endowed with the dual norm is a
commutative Banach -algebra with pointwise multiplication and complex conjuga-
tion. The Fourier algebra AðGÞ is the closed ideal of BðGÞ generated by elements
with compact support. It is equal to the coefﬁcient space of the left regular
representation. When G is abelian AðGÞ and BðGÞ can be identiﬁed, via the Fourier
transform, with the commutative group algebra L1ðGÞ and the measure algebra
MðGÞ; respectively, where G is the dual group of G: The basic reference on Fourier
and Fourier–Stieltjes algebras is [3]. As preduals of von Neumann algebras the
Fourier algebras have a natural operator space structure. Endowed with this
structure, they become completely contractive Banach algebras.
Characterizing the algebra homomorphisms from L1ðGÞ into MðHÞ was a
constant concern from the 1950s. Cohen [1] achieved a complete description of such
homomorphisms for any abelian locally compact groups. What he proved is that
these homomorphisms are essentially given by piecewise afﬁne maps between the
corresponding dual groups.
The study of these phenomena in the context of the Fourier algebras appears then
as a natural development. Given an algebra homomorphism f : AðGÞ-BðHÞ; we
can always ﬁnd a set YCH and a map a : Y-G such that
fðf Þ ¼ f 3a on Y ;
0 off Y :

Host showed in his paper [9] that if G and H are locally compact groups with G
abelian then the map a is piecewise afﬁne. He also gives an example of an algebra
homomorphism from AðGÞ into BðHÞ that is not given by such a piecewise afﬁne
map unless G has an abelian subgroup of ﬁnite index, thus showing that one cannot
hope for more for algebra homomorphisms from AðGÞ into BðHÞ:
When G is abelian, then the operator space structure on AðGÞ is such that any
bounded map is automatically completely bounded. As such, Host’s result can be
interpreted with operator space overtones. It is a natural question to consider
whether or not the result holds true in this context for other classes of groups as well.
This is precisely the goal of this paper.
We take into account the operator structure of the Fourier algebras and in this
context we consider completely bounded algebra homomorphisms. We show that the
same description as Host’s can be achieved when G is discrete and amenable.
Moreover, the assumption concerning amenability is necessary, as we will see from
an example in Section 3.
The result we obtain is instrumental for the study of the range of a completely
bounded algebra homomorphism between the Fourier algebras of two groups. The
range of such a homomorphism sits inside a well determined set. This particular
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situation is not exclusive to the Fourier algebras, but it takes place in a more general
setting. More precisely, if A and B are two commutative semisimple Banach
algebras and f :A-B is an algebra homomorphism then
fðAÞD bAB: f
ðjÞ ¼ 0 ) bˆðjÞ ¼ 0
fðj1Þ ¼ fðj2Þ ) bˆðj1Þ ¼ bˆðj2Þ j;j1;j2ASB
( )
;
where bˆ is the Gelfand transform of b:
We prove that when A and B are the Fourier algebras of two locally compact
groups G and H; respectively, with G discrete and amenable, then the range is as
large as it can possibly be, in other words we have equality above. The statement is
similar with the one obtained by Kepert [10] for the case when A ¼ L1ðGÞ; B ¼
L1ðHÞ with G and H two locally compact abelian groups. Moreover, we obtain the
same description of the range for bounded algebra homomorphisms, this time when
G and H are locally compact groups with G abelian.
The idea of the proof is close in spirit to the approach of Kepert. The difﬁculties
appear due to the fact that we are not dealing with abelian groups anymore.
A brief outline of the paper is as follows. In Section 2 we ﬁx the notations and
introduce the coset ring and piecewise afﬁne maps. In Section 3 we present the
generalization of Host’s characterization of homomorphisms between AðGÞ and
BðHÞ: We start this section by brieﬂy recalling a few deﬁnitions and results
concerning operator spaces and we end with the proof of the main result of this
section, Theorem 3.6. Section 4 contains preliminary results concerning piecewise
afﬁne maps which will lead to the results in the next section. Section 5 is dedicated to
the description of the range of completely bounded algebra homomorphisms
between AðGÞ and AðHÞ: We ﬁrst present a reduction of the problem, which comes
down to the fact that Theorem 5.1 is equivalent to Theorem 5.2.
2. Preliminaries and notations
Let G be a locally compact group and let BðGÞ and AðGÞ be the Fourier–Stieltjes
and Fourier algebra of G; respectively. The dual space of BðGÞ is denoted by W ðGÞ
and as the double dual of a C-algebra it is a von Neumann algebra. The dual of
AðGÞ can be identiﬁed with the von Neumann algebra generated by the left
translation operators on L2ðGÞ:
We follow the notations from [8] throughout the paper. We start with the
deﬁnitions of afﬁne and piecewise afﬁne maps which will play an important role in
the sequel.
A set EDG is called a left coset in G if E is a left coset of some subgroup G0 of G:
The coset ring of G, denoted by OðGÞ; is the smallest ring of sets of G which contains
all open cosets in G: As in the abelian case (see [15]) it can be shown that E is a left
coset in G if and only if EE1EDE: Moreover, if E is a left coset and g0AE; then
E ¼ g0H0; where H0 ¼ E1E ¼ g10 E is a subgroup of G:
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Deﬁnition 2.1. Let G; H be locally compact groups and EDH a left coset. A
continuous map a : E-G is called afﬁne if
aðx1x12 x3Þ ¼ aðx1Þaðx2Þ1aðx3Þ
for any x1; x2; x3AE:
Remark 2.2. There is a connection between afﬁne maps and group homomorphisms
as follows: a is afﬁne map if and only if for every g0AE; the map
b : g10 E-G
deﬁned by
bðhÞ ¼ aðg0Þ1aðg0hÞ 8 hAg10 E
is a group homomorphism.
Deﬁnition 2.3. Let G; H be locally compact groups and YDH a set. A map a :Y-G
is said to be piecewise afﬁne if
(i) there are YiAOðHÞ; i ¼ 1;y; n; pairwise disjoint such that
Y ¼
[n
i¼1
Yi;
(ii) each YiDKi; where Ki is an open left coset in H;
(iii) for each i; there is ai :Ki-G afﬁne map such that ajYi ¼ ai:
Taking into account Remark 2.2, it is not hard to see that the above deﬁnition is
equivalent to the one given by Host [9]:
Deﬁnition 2.4. Let a be as above. Then a is piecewise afﬁne if
(i) there are YiAOðHÞ; i ¼ 1;y; n; pairwise disjoint such that
Y ¼
[n
i¼1
Yi;
(ii) each YiDKi ¼ hiHi; where Ki is an open left coset in H;
(iii) for each i; there is ai :Hi-G continuous homomorphism,
(iv) for each i; there is giAG such that aðyÞ ¼ giaiðh1i yÞ; yAYi:
Note that if G and H are abelian, the above deﬁnitions coincide with the ones in
the abelian case, as they can be found in [15].
Remark 2.5. (i) If EDG is a left coset, then it is a right coset as well, and vice versa.
Indeed, if g0AE; then E ¼ g0H0 with H0 ¼ E1E: Then E ¼ g0H0g10 g0 ¼
ðg0H0g10 Þg0 ¼ H1g0 is a right coset of G:
ARTICLE IN PRESS
M. Ilie / Journal of Functional Analysis 213 (2004) 88–110 91
(ii) If EDG is a left coset in G and yAG; then Ey is left coset in G: Indeed, if
E ¼ g0H0; then Ey ¼ g0H0y ¼ g0yðy1H0yÞ ¼ g0yH1; which is a left coset in G:
For a locally compact group G; we can deﬁne the Fourier–Stieltjes algebra on a
closed coset EDG and denote it by BðEÞ; as follows:
BðEÞ ¼ ff : E-Cjfg : E1E-C; fgðxÞ :¼ f ðgxÞ is in BðE1EÞg
for any gAE: The topological and algebraic structure of BðE1EÞ can be carried over
to BðEÞ so that BðEÞ is isomorphic to BðE1EÞ:
Recall that, by Host [9], OðGÞ can be viewed as a family of characteristic functions
XAOðGÞ31XABðGÞ;
where 1X is the characteristic function of X : We will use this to give the following
deﬁnition for the coset ring of E:
Deﬁnition 2.6. A set X is in the coset ring of E if and only if 1X is in BðEÞ:
Notice that we have the following equivalence:
XAOðEÞ3 1XABðEÞ3ð1X ÞgABðE1EÞ31g1XABðEEÞ
3 g1XAOðE1EÞ 8gAE:
3. Characterization of Fourier algebra homomorphisms
We start this section by brieﬂy recalling a few deﬁnitions and results concerning
operator spaces which will be needed in the sequel. We follow the notations from
Effros and Ruan [5]. An operator space is a vector space V together with a family
jj fjjngn of Banach space norms on MnðVÞ such that
(1) A
0
0
B
   
mþn¼ maxfjjAjjn; jjBjjmg for AAMnðVÞ; BAMnðVÞ:
(2) jjaAbjjpjjajj  jjAjj  jjbjj for a; bAMnðCÞ; AAMnðVÞ:
Let V ; W be operator spaces and T :V-W a map. For each n; deﬁne
T ðnÞ : MnðVÞ-MnðWÞ;
T ðnÞð½vij Þ ¼ ½TðvijÞ:
We say that T is
(1) completely bounded if supn jjT ðnÞjjoN;
(2) complete isometry if each T ðnÞ is an isometry,
(3) complete contraction if each T ðnÞ is a contraction.
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Let V and W be operator spaces and let V#W be the algebraic tensor product.
Given an element U in MnðV#WÞ a norm is deﬁned as follows:
jjU jjL ¼ inf fjjajj  jjvjj  jjwjj  jjbjj: U ¼ aðv#wÞbg
with aAMn;pq; bAMpq;n; vAMpðVÞ; wAMqðWÞ: Let V#LW ¼ ðV#W ; jj  jjLÞ: The
operator space projective tensor product is the completion of this space and it is
denoted by V ##W :
A Banach algebra A which is also an operator space and it is such that the
multiplication m :A ##A-A is completely contractive, is called a completely
contractive Banach algebra.
IfM is the predual of a von Neumann algebraM; it inherits a natural operator
space structure: if UAMnðMÞ we set
jjU jjn ¼ supfjj½ fklðuijÞjjnm: ½ fkl AMmðMÞ; jj½ fkl jjmp1g:
Both AðGÞ; BðGÞ can be given a natural operator space structure as preduals of von
Neumann algebras. In each case this operator structure results in a completely
contractive Banach algebra.
The following proposition will be used in the proof of Proposition 3.4.
Proposition 3.1. Let G; H be locally compact groups. The map
S : BðGÞ-BðH  GÞ;
u-1H  u;
where ð1H  uÞðh; gÞ ¼ uðgÞ; is completely contractive.
Before we present the proof, we give the following universal property (see e.g. [17]
or [2]).
Lemma 3.2. Let o : G-W ðGÞ ¼ CðGÞ be the universal representation of a locally
compact group G: If p : G-BðHpÞ is a continuous representation of G; then there
exists a unique w-continuous -homomorphism
y : W ðGÞ-pðGÞ00
such that p ¼ y3o:
Proof of Proposition 3.1. Let oHG : H  G-W ðH  GÞ be the universal
representation of H  G: Let
i : H  G-G;
ðh; gÞ-g
be the canonical projection on G: Let oG : G-W ðGÞ be the universal
representation of G: Then oG3i :H  G-W ðGÞ is a representation of H  G:
We apply Lemma 3.2 for oHG and oG3i and we get a unique w-continuous
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-homomorphism
y : W ðH  GÞ-W ðGÞ
such that oG3i ¼ y3oHG: This map yields a complete contraction
y : BðGÞ-BðH  GÞ:
Our next claim is that y ¼ S: To show this we will prove that we have S ¼ y: We
have the formula
/SðFÞ; uS ¼ /F ; SðuÞS 8FAW ðH  GÞ:
Let F ¼ oHGðh; gÞAW ðH  GÞ: Then
/SðoHGðh; gÞÞ; uS ¼ /oHGðh; gÞ; 1H  uS ¼ uðgÞ ¼ /oGðgÞ; uS
and we get
SðoHGðh; gÞÞ ¼ oGðgÞ: ð1Þ
On the other hand, we know oG3i ¼ y3oHG: If we apply this to F we obtain
yðoHGðh; gÞÞ ¼ ðoG3iÞðh; gÞ ¼ oGðgÞ: ð2Þ
Combining (1) and (2) we get
SðoHGðh; gÞÞ ¼ yðoHGðh; gÞÞ 8ðh; gÞAH  G:
Since foHGðh; gÞ : hAH; gAGg generates W ðH  GÞ and S; y are w-w
continuous, it follows that S ¼ y; as claimed. Then S ¼ y and we are done. &
The next result is an immediate application of Proposition 3.1.
Corollary 3.3. The map
J : AðGÞ  BðHÞ-BðH  GÞ;
ðu; vÞ-u  v;
where u  vðh; gÞ ¼ uðgÞvðhÞ; is completely contractive.
Proof. BðH  GÞ is completely contractive operator algebra, therefore the map
BðH  GÞ  BðH  GÞ-BðH  GÞ;
ðw; vÞ-w  v
is completely contractive. Now, taking into account Proposition 3.1, the conclusion
follows. &
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The next result will lead to the generalization of Host’s characterization of algebra
homomorphisms between Fourier algebras.
Proposition 3.4. Let G; H be discrete groups. Suppose that G is amenable and
f : AðGÞ-BðHÞ is a completely bounded algebra homomorphism. Then there exists
YAOðHÞ and a : Y-G piecewise affine map such that
fðuÞ ¼ u3a on Y ;
0 off Y :

Proof. Let hAH: Deﬁne the following map:
fh : AðGÞ-C;
u-fðuÞðhÞ:
Then fh is a multiplicative functional on AðGÞ: Since the spectrum of AðGÞ can be
identiﬁed with G by point evaluation, if fha0 there is an element in G; aðhÞ; such
that fh ¼ aðhÞ as elements of the spectrum of AðGÞ: Then we have fðuÞðhÞ ¼ uðaðhÞÞ
whenever fha0 and zero otherwise. The map
a :Y-G;
h-aðhÞ;
where Y ¼ fhAH : fha0g; satisﬁes the required equality. It remains to show that
YAOðHÞ and a is piecewise afﬁne.
To do that we will use the following lemma from [15] (see also [1]).
Lemma 3.5. Let G; H be discrete groups and a : YCH-G a map. Then
a is piecewise affine 3Ga ¼ fðy; aðyÞÞ : yAYgAOðH  GÞ:
Returning to the proof, deﬁne the map
J : AðGÞ  AðGÞ-BðH  GÞ;
ðu; vÞ-ðfðuÞÞ  v:
Our ﬁrst claim is that J is jointly completely bounded. Indeed, let
n1; n2AN: Let
Jðn1;n2Þ : Mn1ðAðGÞÞ  Mn2ðAðGÞÞ-Mn1n2ðBðH  GÞÞ
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be the ampliﬁcation. We will compute the norm of the ampliﬁcation
jjJðn1;n2Þjj ¼ sup jjJðn1;n2ÞðU ; VÞjjn1n2 :
UAMn1ðAðGÞÞ; jjU jjn1p1
VAMn2ðAðGÞÞ; jjV jjn2p1
( )
:
Using the deﬁnition of the operator norm on the predual of a von Neumann algebra,
we have
jjJðn1;n2ÞðU ; VÞjjn1n2
¼ supfjj½/Fst; Jðuij; vklÞSjjn1n2n : F ¼ ½Fsts;tAMnðW ðH  GÞÞg
¼ supfjj½/Fst;fðuijÞ  vklSjjn1n2n : F ¼ ½Fsts;tAMnðW ðH  GÞÞg
¼ supfjj½/vkl  Fst;fðuijÞSjjn1n2n : F ¼ ½Fsts;tAMnðW ðH  GÞÞg;
where all the suprema are taken over jjFjjnp1:
In the above, the product v  F with FAW ðH  GÞ and vAAðGÞ; is given by
v  F : BðHÞ-C; /v  F ; uS ¼ /F ; u  vS for uABðHÞ
and it is an element in W ðHÞ: Then V FAMn2nðW ðHÞÞ; where
V F ¼ ½vkl  Fsts;t;k;l
with F ¼ ½FstAMnðW ðBðH  GÞÞÞ; V ¼ ½vkl AMn2ðAðGÞÞ: Moreover, if jjFjjnp1
and jjV jjn2p1; by Corollary 3.3, we obtain that jjV Fjjn2np1:
Then the norm can be written as
jjJðn1;n2ÞðU ; VÞjjn1n2 ¼ sup jj½/Erp;fðuijÞSjjn1n2n:
E ¼ ½Erpr;pAMn2nðW ðHÞÞ
E ¼ V F; jjEjjn2np1
( )
:
But now,
jj½/Erp;fðuijÞSjjn1n2npjjfðuijÞjjn1 ¼ jjfðn1ÞðUÞjjn1pjjfðn1Þjjpjjfjjcb;
where the last inequality holds because f is completely bounded. Therefore we have
jjJðn1;n2Þjjpjjfjjcb
which shows that J is jointly completely bounded.
By the universal property of the operator projective tensor product there exists a
completely bounded map
J˜ :AðGÞ ##AðGÞ-BðH  GÞ
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such that J˜ðu#vÞ ¼ fðuÞ  v: From the identiﬁcation AðG  GÞCAðGÞ ##AðGÞ (see
[14]), we obtain a map
c : AðG  GÞ-BðH  GÞ
such that cðu  vÞ ¼ fðuÞ  v; 8 u; vAAðGÞ:
Our next claim is that the following formula holds:
cðoÞðh; gÞ ¼ oðaðhÞ; gÞ for hAY ; gAG:
Clearly, if o ¼ u  v with u; vAAðGÞ , then
cðoÞ ¼ cðu  vÞ ¼ fðuÞ  v ) cðoÞðh; gÞ ¼ uðaðhÞÞ  vðgÞ ¼ oðaðhÞ; gÞ:
If o ¼Pni¼1 oi where oi ¼ uivi; then
cðoÞðh; gÞ ¼
Xn
i¼1
cðoiÞðh; gÞ ¼
Xn
i¼1
oiðaðhÞ; gÞ ¼ oðaðhÞ; gÞ:
Now, suppose o ¼ limi ci; where ci ¼
Pki
j¼1 ujvj: Then cðoÞ ¼ limi cðoiÞ: In
particular we have pointwise convergence, therefore
cðoÞðh; gÞ ¼ lim
i
cðoiÞðh; gÞ ¼ lim
i
oiðaðhÞ; gÞ:
But since o ¼ limi ci; it follows that in particular converges pointwise, therefore
limi oiðaðhÞ; gÞ ¼ oðaðhÞ; gÞ: So cðoÞðh; gÞ ¼ oðaðhÞ; gÞ and our last claim is proved.
The set D ¼ fðx; xÞ : xAGg is open subgroup in G  G; so the characteristic
function wDABðG  GÞ: Because G is amenable, we can ﬁnd fujgjAAðG  GÞ such
that jjujjjp1 8 j and uj-wD pointwise.
Then cðujÞðh; gÞ ¼ ujðaðhÞ; gÞ-wDðaðhÞ; gÞ ¼ wGa : Therefore wGa is pointwise limit
of a bounded net in BðH  GÞ: By Corollary 2.25 from [3] it follows that wGaABðH 
GÞ; which is equivalent to GaAOðH  GÞ: &
The following is the main theorem of the section.
Theorem 3.6. Let G be a discrete group and H be a locally compact group.
Suppose that G is amenable and f : AðGÞ-BðHÞ is a completely bounded
algebra homomorphism. Then there exists YAOðHÞ and a : Y-G piecewise
affine map such that
fðuÞ ¼ u3a on Y ;
0 off Y :

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Proof. As in the proof of Proposition 3.4, there is a set Y ¼ fhAH : fha0g and a
continuous map a : Y-G such that
fðuÞ ¼ u3a on Y ;
0 off Y :

We want to show that a is piecewise afﬁne.
Let Hd denote the group H endowed with the discrete topology. The
Fourier–Stieltjes algebra BðHÞ is completely isometrically imbedded in BðHdÞ;
therefore we can look at f as a completely bounded algebra homomorphism of AðGÞ
into BðHdÞ:
If we do so, we are in the hypothesis of Proposition 3.4, so the map a regarded as a
map on Yd (the set Y in the discrete topology) is piecewise afﬁne. It follows from a
similar argument to the one from [15, Section 4.5.2], that a : Y-G is piecewise
afﬁne. &
Remark 3.7. We note that Host’s result is for continuous algebra homomorphisms
as opposed to completely bounded algebra homomorphisms. However when G is
abelian then AðGÞ has MAX operator space structure. In this case every continuous
homomorphisms is automatically completely bounded, so in particular, we see that
Theorem 3.6 is a true generalization of Host’s result. For the moment we are
restricted to discrete groups, but there are hopes that we can drop the assumption of
discreteness.
Remark 3.8. The assumption concerning the amenability of the group G is
necessary as it is shown by the following example. Let F2 be the free
group on two generators fa; bg (see [13]). Let E ¼ fanbn : n ¼ 1; 2;ygCF2: Then
the map
f : AðF2Þ-AðF2Þ; given by u/wE  u
is a completely bounded algebra homomorphism (see [11] for details) and the
associated map is the inclusion a : E+F2: However, this map is not piecewise afﬁne
since E does not belong the coset ring of F2:
In the case that f : AðGÞ-BðHÞ has the range inside AðHÞ; the corresponding
map a is also proper.
Proposition 3.9. The homomorphism f : AðGÞ-BðHÞ maps AðGÞ into AðHÞ if and
only if a1ðCÞ is compact for every compact set C of G.
Proof. Suppose there is a compact set CCG such that a1ðCÞ is not compact.
Choose fAAðGÞ such that f ¼ 1 on C. Then, the set S ¼ fgAY : f ðaðgÞÞ ¼ 1g
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contains a1ðCÞ which is closed, non-compact, therefore S is not compact. On the
other hand, we can write S ¼ ff 1f1g: If S is not compact, it follows that
ffeAðHÞ; contradiction.
Conversely, suppose a1ðCÞ is compact for every compact CCG: If fAAðGÞ we
can ﬁnd fnAAðGÞ-C00ðGÞ such that
fn-f in jj:jj:
Then each fn3a has compact support, and so fn3a ¼ ffnAAðHÞ: Since AðHÞ is closed
in BðHÞ and ffn-ff ; we obtain ffAAðHÞ: &
In the following two sections, we present a description of the range of a
completely bounded algebra homomorphism from AðGÞ into AðHÞ: Leading
to that, some preliminary results on piecewise afﬁne maps are presented in the
next section.
4. Piecewise afﬁne maps
We present here some technical results which will allow us to get information
about afﬁne pieces of a piecewise afﬁne map. The results are the non-abelian analog
of the ones in [10].
Deﬁnition 4.1. If E is a left coset of a subgroup G1 in G; we deﬁne the index
of E to be the index of G1 in G: If E1; E2 are cosets in G of the subgroups
G1 and G2; respectively, then the index of E1 in E2 is deﬁned to be the index of
G1-G2 in G2:
When G is abelian any set in OðGÞ is a ﬁnite disjoint union of set in
O0ðGÞ ¼ E0
[m
1
Ek
 - !
:
E0CG open coset
E1;y; Em open subcosets of infinite index in E0
( )
(see [1]). It is not a hard task to verify that this is valid for all locally compact groups.
The following algebra result assures us that |eO0ðGÞ:
Lemma 4.2 (Neumann [12]). A group is not a finite union of cosets of infinite index.
Remark 4.3. If U ¼ E0
Sm
1 Ek
 
AO0ðGÞ then Aff ðUÞ; the coset generated by U ; is
exactly E0:
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Indeed, for every yAE10 E0; we have
U-Uy ¼ E0
[m
1
Ek
- !\
E0y
[m
1
Eky
- !
¼ E0
[m
1
Ek
- !\
E0
[m
1
Eky
- !
¼E0
[m
1
Ek
[ [m
1
Eky
 - !
:
By Remark 2.5(i) we have
Eky ¼ ðxGkÞy ¼ xyG0 where G0 ¼ y1GkyDE10 E0
so it is a subcoset of E0: Since Gk has inﬁnite index in E
1
0 E0; then so does G0:
Therefore Eky is open subcoset of inﬁnite index in E0: So, U-UyAO0ðGÞ: Since
|eO0ðGÞ; it follows that U-Uya|: Hence, if E is any coset containing U ; then
|aU-UyDE-Ey
and therefore yAE1E: That is E10 E0DE
1E which is equivalent to E0DE: Thus
E0 ¼ Aff ðUÞ:
The next proposition is obtained by combining the above with the deﬁnition of
piecewise afﬁne maps. From now on this is the way we will look at piecewise afﬁne
maps.
Proposition 4.4. Let YAOðHÞ: Then c : Y-G is piecewise affine if and only if Y ¼Sn
i¼1 Yi; with Y1;y; YnAO0ðHÞ and cjYi has continuous affine extension
ci : Aff ðYiÞ-G; for each i:
We present next a few technical results.
Lemma 4.5. Let G be a locally compact group. Then
(i) for YAO0ðGÞ and E0 ¼ Aff ðYÞ; there is a finite subset FDE10 E0 such that
E0 ¼ YF ;
(ii) for YAOðGÞ and L a compact subgroup of G; there is FDL finite set such that
YL ¼ YF :
Proof. (i) We will use induction by m to prove the statement for Y ¼ E0
Sm
1 Ek
 
:
If m ¼ 0; then Y ¼ E0 and we take F ¼ feg: Suppose statement is true for m  1:
Let Y1 ¼ E0
Sm1
1 Ek
/ 
: Then there is a ﬁnite set F1DE10 E0 such that
E0 ¼ Y1F1: Now we look at the set F11 E1m EmF1: This can be written
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as follows:
F11 E
1
m EmF1 ¼
[
zAF1
1
;yAF1
zðE1m EmÞy ¼
[
zAF1
1
;yAF1
ðzE1m Emz1zÞy
¼
[
zAF1
1
;tAF1
1
F1
Gzt;
where Gz ¼ zE1m Emz1DE10 E0 is of inﬁnite index in E10 E0; since E1m Em is. This
means that F11 E
1
m EmF1 is ﬁnite union of cosets of inﬁnite index in E
1
0 E0: Since a
group cannot be written as a ﬁnite union of cosets of inﬁnite index, it follows that
there is gAE10 E0\ðF11 E1m EmF1Þ: Therefore, there is gAE10 E0 such that
EmF1-EmF1g ¼ |: ð3Þ
Now put F ¼ F1,F1g: Since Y1DY,Em; we have
E0 ¼ Y1F1DðY,EmÞF1 ¼ YF1,EmF1DE0:
Therefore equality holds,
E0 ¼ YF1,EmF1: ð4Þ
Next, note that E0DE0g; since gAE10 E0; so we have
E0DE0g ¼ YF1g,EmF1gDE0:
Therefore equality holds,
E0 ¼ YF1g,EmF1g: ð5Þ
Combining (3)–(5) we get
E0 ¼ YF1,YF1g ¼ YðF1,F1gÞ ¼ YF :
and we are done.
(ii) It follows from (i), as in [10].
The next proposition is the non-abelian analog of Proposition 2.4 in [10]. The
proof in [10] can be adapted without any modiﬁcations (using now Lemma 4.5(i)).
Proposition 4.6. Let G; H be locally compact groups, YAO0ðHÞ and c : Aff ðYÞ-G
an affine map such that cjY is proper, which means that the inverse images of compacts
are compacts. Then c is proper.
Corollary 4.7. Suppose G; H are locally compact groups. For YAO0ðHÞ let c :Y-G
be a proper map with affine extension c0 : Aff ðY Þ-G: Then E1 :¼ c0ðAff ðY ÞÞ is
closed coset in G and cðYÞAOðE1Þ:
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Proof. Let E0 ¼ Aff ðY Þ; E1 ¼ c0ðE0Þ: By Proposition 4.6 c0 is proper. Then
c0ðE0Þ ¼ E1 is closed coset in G: By Remark 2.2 and since c0 is afﬁne, for any g0AE0;
the map
b : g10 E0-G; bðhÞ ¼ c0ðg0Þ1c0ðg0hÞ
is a group homomorphism.
Let L ¼ Ker b ¼ g10 c01fc0ðg0Þg: Then L is compact normal subgroup of H0 :¼
g10 E0: Let QL : H0-H0=L be the quotient map.
We have to show that cðYÞAOðE1Þ: From the deﬁnition of OðE1Þ; this is
equivalent to
g1cðY ÞAOðE11 E1Þ 8gAE13ðc0ðg0ÞÞ1c0ðYÞAOðE11 E1Þ 8g0AE0:
We can rewrite the above using b
c0ðg0Þ1c0ðY Þ ¼ bðg10 Y Þ;
E11 E1 ¼ bðH0Þ1bðH0Þ ¼ bðH0Þ;
where the latter is obtained from the equality
bðH0Þ ¼ c0ðg0Þ1c0ðE0Þ ¼ c0ðg0Þ1E1:
Therefore we can write now
cðYÞAOðE1Þ3bðg10 YÞAOðbðH0ÞÞ:
Once we show that bðg10 YÞAOðbðH0ÞÞ; we are done. By Lemma 4.5(ii), there is
FCH0 such that YL ¼ YF which is equivalent to g10 YL ¼ g10 YF :
First notice that g10 YFAOðH0Þ: Indeed, since YAOðE10 E0Þ then so does g10 Y :
By Remark 2.5, by multiplying on the right with elements of H0 we stay in OðH0Þ:
Since F is ﬁnite we get that g10 YFAOðH0Þ:
It is not hard to see that b3Q1L :H0=L-bðH0Þ is a continuous bijective
homeomorphism (for details see Lemma 5.3). Denote by M the following set
M ¼ QLðg10 YÞ ¼ QLðg10 YLÞ:
Since by above g10 YL ¼ g10 YF and the latter is in OðH0Þ; we obtain that
g10 YLAOðH0Þ: Hence MAOðH0=LÞ: But then
bðg10 Y Þ ¼ b3Q1L 3QLðg10 Y Þ ¼ b3Q1L ðMÞAOðbðH0ÞÞ: &
Deﬁne OdðHÞ ¼ OðHdÞ; where Hd is H with the discrete topology, and OcðHÞ ¼
fXCH : X closed and XAOdðHÞg: The next corollary follows now easily.
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Corollary 4.8. Let G; H be locally compact groups.
If YAOðHÞ and c : Y-G is a proper, piecewise affine map, then cðYÞAOcðGÞ:
5. The range of Fourier algebra homomorphisms
In this section we study the range of completely bounded algebra homo-
morphisms between the Fourier algebra of two groups. We prove the following
result:
Theorem 5.1. Let G; H be locally compact groups with G discrete and
amenable. If f : AðGÞ-AðHÞ is a completely bounded algebra homomorphism,
then
fðAðGÞÞ ¼ fAAðHÞ: f
ðh1Þ ¼ 0 ) f ðh1Þ ¼ 0
fðh1Þ ¼ fðh2Þ ) f ðh1Þ ¼ f ðh2Þ h1; h2AH
 
:
Let denote the right-hand set by Uf: Theorem 3.6 allows us to reformulate the above
equality in terms of extensions of functions in AðGÞ:
Indeed, given a map a : YCH-G; let kðaÞ be the set
kðaÞ ¼ gAAðHÞ: g ¼ 0 off Y
gðy1Þ ¼ gðy2Þ whenever aðy1Þ ¼ aðy2Þ
 
:
Note that for gAkðaÞ; the second condition implies that g3a1 is well deﬁned. If a is
the map from Theorem 3.6 it is not hard to see that
fðAðGÞÞCUfCkðaÞ:
Therefore, in order to prove Theorem 5.1, that is to show the equality fðAðGÞÞ ¼
Uf; it sufﬁces to prove
kðaÞCfðAðGÞÞ:
Notice that the latter is now equivalent with the following: for any gAkðaÞ; g3a1
has an extension in AðGÞ:
Indeed, if gAkðaÞCfðAðGÞÞ then there is fAAðGÞ such that
g ¼ ff ¼ f 3a on Y ;
0 off Y :

Therefore, g3a1 ¼ f jaðYÞ so g3a1 has extension in AðGÞ: The other direction follows
similarly.
We should also remember that the map a corresponding to f :AðGÞ-AðHÞ is
proper (see Proposition 3.8).
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In conclusion, we see that Theorem 5.1 is in fact equivalent to the following
theorem:
Theorem 5.2. Let G; H be locally compact groups with G discrete and amenable and
suppose that a : YCH-G is a proper piecewise affine map. Then for any gAkðaÞ;
g3a1 has an extension in AðGÞ:
In the remainder of this section we will prove Theorem 5.2. The proof consists of
three steps, as follows:
(i) Y open coset and a afﬁne map,
(ii) YAO0ðHÞ;
(iii) YAOðHÞ and a piecewise afﬁne map.
We start with the ﬁrst case, Y open coset and a afﬁne map, which is a key step of
the proof.
Lemma 5.3. Let G; H be locally compact groups with G discrete. Let Y be an open
coset in H and a : Y-G a proper affine map. Then, for any gAkðaÞ; the map
g3a1 : aðY Þ-C has extension in AðGÞ:
Proof. Let g0AY : Then g
1
0 Y is open subgroup of H; and will be denoted by H0:
Consider the map b : g10 Y-G; given by
bðhÞ ¼ aðg0Þ1aðg0hÞ:
This is a proper group homomorphism. Also bðH0Þ is a closed and open
subgroup of G:
Let gAkðaÞ: Consider g0gðxÞ ¼ gðg0xÞ the left translation of g by g0: Then g has the
following properties:
(i) g0gAAðHÞ;
(ii) g0g ¼ 0 off g10 Y ¼ H0;
(iii) g0g3b
1 is well deﬁned.
The ﬁrst two are clear. To see the last one, suppose bðh1Þ ¼ bðh2Þ: Then
bðh1Þ ¼ bðh2Þ ) aðg0Þ1aðg0h1Þ ¼ aðg0Þ1aðg0h2Þ
) aðg0h1Þ ¼ aðg0h2Þ
) gðg0h1Þ ¼ gðg0h2Þ
) g0gðh1Þ ¼ g0gðh2Þ:
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To end the proof it sufﬁces to show that g0g3b
1 has extension in AðGÞ: Indeed, if
this happens, then there is fAAðGÞ such that
g0g3b
1 ¼ f jbðH0Þ:
Then the map aðg0Þ1 fAAðGÞ will be the extension needed for g3a1: To see this, let
x ¼ aðyÞAaðYÞ: Then we have
aðg0Þ1f ðxÞ ¼ f ðaðg0Þ
1
xÞ ¼ f ðbðg10 yÞÞ
¼ g0g3b1ðbðg10 yÞÞ ¼g0 gðg10 yÞ
¼ gðyÞ ¼ g3a1ðxÞ:
We obtain g3a1 ¼ aðg0Þ1 f jaðY Þ:
Next we will show g0g3b
1 has extension in AðGÞ:
Let L ¼ Ker b: It is not hard to check that L ¼ g10 a1faðg0Þg: It follows then that
L is compact normal subgroup of H0: Because of the deﬁnition of L and the fact that
gAkðaÞ; it follows that g is constant on the cosets of L: Then g0g is constant on the
cosets of L as well. Note that g0gAAðH0Þ because of (ii). Then by Eymard [3,
Theorem 3.25] there is g˜AAðH0=LÞ such that
g0g ¼ g˜3QL;
where QL : H0-H0=L is the canonical map.
Our next claim is that b3Q1L : H0=L-bðH0Þ is a well-deﬁned bijection. Indeed,
suppose that QLðh1Þ ¼ QLðh2Þ where hi ¼ g10 yi; yiAY : Then
h11 h2AL3y
1
1 y2AL:
Therefore, there is xAa1faðg0Þg such that y11 y2 ¼ g10 x: Now we have
bðhiÞ ¼ aðg0Þ1aðg0hiÞ ¼ aðg0Þ1aðyiÞ:
On the other hand, aðy2Þ ¼ aðy1g10 xÞ ¼ aðy1Þaðg0Þ1aðxÞ ¼ aðy1Þ: Therefore bðh1Þ ¼
bðh2Þ: So b3Q1L is well deﬁned. Similarly it can be shown that b3Q1L is bijective.
Moreover, since QL is open map and b is proper it follows that b3Q1L is a
homeomorphism.
It follows that the map
F :AðbðH0ÞÞ-AðH0=LÞ;
f-f 3ðb3Q1L Þ
is an isomorphism.
ARTICLE IN PRESS
M. Ilie / Journal of Functional Analysis 213 (2004) 88–110 105
Therefore we have
g0g3b
1 ¼ g˜3ðb3Q1L Þ1AAðbðH0ÞÞ
since g˜AAðH0=LÞ: Since bðH0Þ is an open subgroup of G; by Eymard [3, Theorem
3.21], there is FAAðGÞ such that g0g3b1 ¼ F jbðH0Þ; which concludes the proof. &
Remark 5.4. We need the fact that G is discrete only to be able to apply Theorem
3.21 from [3]. Nevertheless, if G is abelian we can apply Theorem 2.7.4 in [15], and
then Lemma 5.3 holds true for this case as well. We will need this remark later in the
proof of Theorem 5.9.
Next, we will make use of Lemma 5.3 together with the results proved in the
previous section, on piecewise afﬁne maps, to complete the second step of the proof
of Theorem 5.2.
Lemma 5.5. Let G; H locally compact groups with G discrete. Suppose YAO0ðHÞ and
a : Y-G is a proper map that has affine extension a1 : Aff ðYÞ-G: Then for any
gAkðaÞ; g3a1 has extension in AðGÞ:
Proof. Recall
kðaÞ ¼ gAAðHÞ: g ¼ 0 off Y
gðy1Þ ¼ gðy2Þ whenever aðy1Þ ¼ aðy2Þ
 
:
Let E ¼ Aff ðYÞ: By Proposition 4.6, a1 is a proper map. As in Proposition 5.3
there is a compact normal subgroup LCE1E: Let gAkðaÞ: Deﬁne g˜ : H-C as
follows:
g˜ðhÞ ¼ gðhl
1Þ if hAYL;
0 if heYL:
(
We claim that g˜ is well deﬁned on YL:
Indeed, let h ¼ y1l1 ¼ y2l2; yiAY ; liAL; i ¼ 1; 2: We will show aðhl11 Þ ¼
aðhl12 Þ; for then it follows that gðhl11 Þ ¼ gðhl12 Þ and the claim is proved.
We have
y1l1 ¼ y2l2 ) y12 y1 ¼ l2l11 AL:
Since L ¼ g10 a1faðg0Þg for some g0AE; it follows that there is xAa1faðg0Þg such
that
y12 y1 ¼ g10 x ) y1 ¼ y2g10 x:
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Then, since a is afﬁne we get
aðy1Þ ¼ aðy2g10 xÞ ¼ aðy2Þaðg0Þ1aðxÞ ¼ aðy2Þ:
and the claim is proved.
The following two properties of g˜ are straightforward and the third one can be
obtained similarly as above
(i) g ¼ g˜ on Y ;
(ii) g˜ ¼ 0 outside YL;
(iii) g˜ is constant on left cosets of L:
Moreover, since YCE and LCE1E we have YLCE; so we can say that
g˜ ¼ 0 off E: ð6Þ
From the deﬁnition of L as the Ker ðb1Þ and (iii) it follows easily that
a1ðh1Þ ¼ a1ðh2Þ ) g˜ðh1Þ ¼ g˜ðh2Þ: ð7Þ
Our next claim is that
g˜AAðHÞ: ð8Þ
By Lemma 3.5(ii) we can ﬁnd a ﬁnite set FCL; such that YL ¼ YF ¼ SlAF Yl:
Note that, for each lAF we have:
g˜1YlðhÞ ¼ gðhl1Þ ¼ gl1ðhÞAAðHÞ:
Then
g˜ ¼ g˜1Yl1,?,Yln ¼
Xn
k¼1
g˜1Ylk
Yk1
j¼1
1H\YlkAAðHÞ
by above and the fact that YlAOðHÞ for any l:
From (6)–(8) we get that g˜Akða1Þ: Therefore, we are in the hypothesis of Lemma
5.3, so g˜3a11 has extension in AðGÞ: Since g˜3a11 is an extension of f 3a1; we conclude
the proof. &
Looking back at the decomposition in Proposition 4.4, if we have only one piece
we proved the theorem. For the general case, when we have more pieces, we have to
put them together. The amenability of G is essential for this step of the proof. The
following lemma will allow us to glue everything together.
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Lemma 5.6. Let G be an amenable locally compact group. If X ; YAOcðGÞ then
IðXÞ þ IðYÞ ¼ IðX-Y Þ;
where IðXÞ ¼ ffAAðGÞ: f jX ¼ 0g is closed ideal in AðGÞ:
Proof. By Forrest et al. [7, Theorem 2.3], IðXÞ has bounded approximate identity,
therefore IðX Þ þ IðY Þ is closed ideal in AðGÞ (see [16, Theorem 4.2]). Furthermore
we have
ZðIðXÞ þ IðYÞÞ ¼ X-YAOcðGÞ:
But X-Y is set of spectral synthesis, that is IðX-YÞ is the only ideal whose hull is
X-Y ; giving IðXÞ þ IðYÞ ¼ IðX-Y Þ: &
The next result follows immediately.
Lemma 5.7. Let G be a locally compact amenable group. If X ; YAOcðGÞ and
g1; g2AAðGÞ are such that
g1jX-Y ¼ g2jX-Y ;
then there exists gAAðGÞ such that gjX ¼ g1jX and gjY ¼ g2jY :
Proof. By hypothesis it follows that g1  g2AIðX-Y Þ; so by Lemma 5.6, there
exists f1AIðX Þ; f2AIðY Þ such that f1  f2 ¼ g1  g2: Then g ¼ g1  f1 ¼ g2  f2
satisﬁes all the requirements and we are done. &
We are now ready to conclude the proof of Theorem 5.2.
Proof of Theorem 5.2. By Proposition 4.4 there are disjoints sets S1;y; Sm AO0ðHÞ
such that Y ¼ Sn1 Si and each ajSi is proper with afﬁne extension ai : Aff ðSiÞ-G:
For each i; gwSiAkðajSiÞ so by Lemma 5.5, there is giAAðGÞ such that
gijaðSiÞ ¼ g3a1jaðSiÞ:
We have seen in Corollary 4.8 that aðSiÞAOcðGÞ: Applying repeatedly Lemma 5.7
we obtain fAAðGÞ such that
f jaðY Þ ¼ gkjaSi 81pipn:
Then f jaðYÞ ¼ g3a1 as required. &
Since the Theorem 5.2 is equivalent to Theorem 5.1, we have obtained the result
announced at the beginning of this section.
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Remark 5.8. Theorem 3.6 has played a central role in the description of the
range of a completely bounded algebra homomorphism f : AðGÞ-AðHÞ:
We can obtain the same description of the range for bounded algebra homomorph-
isms using now Host’s result, in the hypothesis that G; H are locally compact
groups with G abelian.
Theorem 5.9. Let G; H be two locally compact groups. Suppose that G is abelian and
f : AðGÞ-AðHÞ is an algebra homomorphism. Then
fðAðGÞÞ ¼ fAAðHÞ: f
ðh1Þ ¼ 0 ) f ðh1Þ ¼ 0
fðh1Þ ¼ fðh2Þ ) f ðh1Þ ¼ f ðh2Þ h1; h2AH
 
:
Proof. Host’s result [9] allows us to follow the same procedure as in the proof of
Theorem 5.1. The proof can be carried over without many modiﬁcations. As we have
noticed in Remark 5.4, Lemma 5.3 holds for G abelian as well, therefore Lemma 5.5
follows immediately. Since G is abelian, it is also amenable, so we can apply Lemma
5.7 to end the proof. &
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